Abstract: Let G be a connected graph with maximum degree ∆ ≥ 3. We investigate the upper bound for the chromatic number χ γ (G) of the power graph G γ . It was proved that
assignment). Graph coloring formalizes this problem well when the constraint is that a pair of transceivers within distance γ cannot use the same channel due to interference; see [14] . The first reference to appear on coloring squares of planar graphs was by Wegner [20] . He posed the following conjecture. (1)) when ∆ → ∞. We review some results below on the general γ-distance chromatic number. It was noted by Skupień [18] that the well-known Brooks' theorem can provide the following upper bound:
If G is planar, Jendrol and Skupień [9] improved it as χ γ (G) ≤ 6 + 3Γ+3 Γ−2 ((Γ − 1) γ−1 − 1), where Γ = max{8, ∆}. Agnarsson and Halldórsson [1] proved that G γ is O(∆ ⌈γ/2⌉ )-colorable for any fixed γ. Some authors studied χ γ (G) for special graphs arisen from applications, such as square lattice [5] and hexagonal lattice [14] . Other related work could be found in [2] and [8] . It was proved by Sharp [17] that for fixed γ ≥ 2 the distance coloring problem is polynomial time for k ≤ ⌈3γ/2⌉ and NP-hard for k > ⌈3γ/2⌉.
Though for some classes of graphs G, χ γ (G) is much smaller relative to the order ∆ γ , e.g. planar graphs. There are a lot of graphs whose distance chromatic numbers have the order ∆ γ ; e.g. Moore graphs (see Theorem 2.1 below). In this paper we discuss the upper bound of χ γ (G) for a general γ ≥ 2. These bounds are investigated in two aspects: one is to use the maximum degree subject to the conditions such as minimum degree, girth, connectivity, the other is to use the spectral radius of the adjacency matrix of G. 
The maximum (resp. minimum) degree of G is denoted by ∆(G) (resp. δ(G)). The distance between two vertices u and v in G is denoted by dist G (u, v). The diameter, girth, connectivity and clique number of G are denoted by diam(G), g(G), κ(G), ω(G) respectively. If G contains no cycles, then we define g(G) = +∞.
The superscript or subscript G may be omitted when it is non-ambiguous.
2 The upper bound of χ γ (G) in terms of maximum degree When ∆ = 2, there exist only two connected graphs of order n: the path P n and the cycle C n .
It is easy to get the result:
(1) χ γ (P n ) = min{n, γ + 1}; (2) χ γ (C n ) = γ + 1 if n mod (γ + 1) = 0, and χ γ (C n ) = min{i + 1 ≥ γ + 2|n mod i ≤ n/i}.
From now on it is assumed that γ ≥ 2 when discussing χ γ (G), and all graphs are connected with ∆ ≥ 3. We denote by M the maximum possible degree of the graph G γ as follows:
First we characterize the graph G for which χ γ (G) attains the maximum value M + 1.
with equality if and only if G is ∆-regular of order
is a Moore graph with degree ∆ and diameter γ.
Proof. The upper bound follows from (1.1). We now discuss the equality case. For the necessity, assume χ γ (G) = M + 1 ≥ ∆(G γ ) + 1. Then, by Brooks' Theorem, G γ is a complete graph of order M + 1, and every vertex is at distance at most γ of the other M vertices, which is maximum obtained when considering that G is a complete M -ary tree. Thus for every vertex v in G, the graph G is a complete M -ary tree except for edges between vertices in N γ (v). It
The sufficiency is easily obtained from the fact that G γ is a complete graphs of order M + 1 as
Next we give some sufficient conditions for a graph G such that χ γ (G) ≤ M − 1. We will use the idea of saving a color at a vertex v, motivated by Cranston and Kim's work [3] on list-coloring the square of subcubic graphs. A partial (proper) coloring is the same as a proper coloring except that some vertices may be uncolored. Given a graph G and partial coloring of G γ , we define excess(v) to be 1 + (the number of colors available at vertex v) − A simple but useful instance where Lemma 2.4 applies is when the uncolored vertices induce a connected subgraph and the vertices u and v are adjacent in the subgraph. In this case, we order the vertices by decreasing distance (within the subgraph) from the edge uv.
Proof. Let v be a vertex with minimum degree δ ≤ ∆ − 1, and let u be a neighbor
The result follows by Lemma 2.4.
Proof. Let C be a cycle of G with length g(G). For any two adjacent vertices u and v on 
Proof. First suppose that γ ≥ 3 and κ(G) ≥ 3. Let C be a cycle of G with length g(G). Arbitrarily choose a path P of length γ on C connecting two vertices v 1 and x 1 , and choose a vertex v 2 lying on P that is adjacent to v 1 . Let y 1 , y 2 be two vertices of C outside P , where y 1 is adjacent to v 1 and y 2 is adjacent to y 1 . As κ(G) ≥ 3 and g(G) ≥ 2γ + 2, there exists a path P ′ of length γ − 1 outside C connecting v 1 and x 2 . See the left graph in Fig. 2 .1 for these labeled vertices.
We color x 1 , y 1 with color 1, and x 2 , y 2 with color 2. As κ(G) ≥ 3, the subgraph G − {y 1 , y 2 } is connected. Order the vertices of G − {y 1 , y 2 } by decreasing distance (within the subgraph) from the edge v 1 v 2 . Then x 1 , x 2 are in the distance class γ − 1 ≥ 2. For any uncolored vertex w other than v 1 and v 2 , w is always succeeded by at least two adjacent (uncolored) vertices in But the sum of the degrees of vertices of G is M · ∆, which is an odd number; a contradiction.
For the case (2), by Lemma 2.8, G γ properly contains a clique of size M , which contradicts to Lemma 2.9. The last case cannot occur; otherwise by Theorem 2.1 G is a Moore graph.
Remark 1:
In this section we give some sufficient conditions for a graph G such that χ γ (G) ≤ M − 1. We suspect that there exit no graphs G with χ γ (G) = M .
Conjecture 1
If G is a connected graph with maximum degree ∆ ≥ 3 and G is not a Moore graph, then χ γ (G) ≤ M − 1.
Cranston and Kim [3] conjectured that χ l (G 2 ) ≤ ∆ 2 − 1, where χ l (G 2 ) is the list-chromatic number of G 2 . If their conjure is true, then we will have
which implies that Conjecture 1 will hold for γ = 2. Observe that A(G) k uv is the number of walks with length k in G from u to v. So we have
Denote by λ 1 (G) (resp. λ 1 (A)) the spectral radius or the largest eigenvalue of A(G) (resp. a square matrix A). The degree matrix D(G) of G is a diagonal matrix whose diagonal elements are the degrees of the vertices of G. By Lemma 3.1 and (3.1), we easily get
However, the upper bound in (3.2) is two large. We improve it in the following, before we prove some basic facts.
Lemma 3.2 Let A, B be two nonzero symmetric nonnegative square matrix of same order. Then
with equality if and only if A 2 , B 2 , AB share a common Perron vector.
Proof. There exists a unit Perron vector x such that λ 1 (AB) = x T ABx. So, by CauchySchwarz inequality
with equality if and only if
Perron vector.
Lemma 3.3 Let G be a connected graph on at least 3 vertices. Then
both with equalities if and only if g(G) ≥ 2γ + 1. 
So the two inequalities also hold in this case. The equality cases can be checked directly.
Let G be a graph and let 
Proof.
(1) By Lemma 3.3(1) and the theory of nonnegative matrices
with equality if and only if A(
Hence, also by Lemma 3.3(1), the equality in (3.3) holds if and only if g(G) ≥ 5.
By Wely's inequality, If G is non-bipartite, then A(G) 2 is irreducible, and has a unique Perron vector (up to multiples), which is necessarily the Perron vector of A(G). So, in this case the equality in (3.4) holds if and only if 1 is a Perron vector of A(G), which implies that G is regular.
(2) By Lemma 3.3(2),
By Wely's inequality,
where the last inequality follows from Lemma 3.2. So, by the first result,
Theorem 3.5 Let G be a connected graph on at least 3 vertices. Then χ 2 (G) ≤ λ 1 (G) 2 + 1, with equality holds if and only if G is a star or a Moore graph with diameter 2 and girth 5. If γ ≥ 3, then χ γ (G) < λ 1 (G) γ + 1.
Proof. By Lemmas 3.1 and 3.4,
where the last inequality is strict if γ ≥ 3. In the case of γ = 2, we have
If (3.5) holds equalities, then from the first equality, G 2 is complete which implies that diam(G) ≤ 2; and from the second equality, G is 2-degree regular and g(G) ≥ 5. If G is bipartite, then G must be a tree with diameter at most 2, which implies G is a star; otherwise, G contains a cycle and g(G) ≥ 6, which implies diam(G) ≥ 3, a contradiction. If G is nonbipartite, then G is regular by Lemma 3.4(1). Hence G is a Moore graph with diameter 2 and girth 5. For the sufficiency, if G is a star, the result holds obviously. If G is a Moore graph with degree ∆, by Theorem 2.1, χ 2 (G) = ∆ 2 + 1. Observing λ 1 (G) = ∆, we get the equality.
Remark 2:
If G is ∆-regular, then χ 2 (G) ≤ ∆ 2 +1 by Theorem 2.1, which is consistent with the bound λ 1 (G) 2 +1 since λ 1 (G) = ∆ in this case. Otherwise, by Corollary 2.5, χ 2 (G) ≤ ∆ 2 −1.
In this case λ 1 (G) < ∆. A special example is that G is a star on n vertices. Then Corollary 2.5 gives χ 2 (G) ≤ n 2 − 2n, while Theorem 3.5 gives χ 2 (G) ≤ n, that latter of which is an equality as the G 2 is complete.
